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Abstract—In this paper, a novel predictive control-based ap-
proach is proposed for a networked control system with random
delays containing an input nonlinear process based on a Hammer-
stein model. The method uses a time-delay two-step generalized
predictive control scheme, which consists of two parts: one is to
deal with the input nonlinearity of the Hammerstein model and
the other is to compensate for the network-induced delay in the
networked control system. A theoretical result using the Popov
criterion is presented for the closed-loop stability of the system in
the case of a constant delay. Simulation examples illustrating the
validity of the approach are also presented.

Index Terms—Hammerstein model, networked control systems,
predictive control, time-delay compensator, two-step approach.

I. INTRODUCTION

ACONTROL system is called a “networked control system”
(NCS) when the link from sensor to controller and/or the

link from controller to actuator are/is connected not directly as
is assumed in conventional control systems but via a serial com-
munication network with limited resources [1], [2]. This config-
uration, due to the advantages the network introduces, brings to
the system lower cost, flexibility, and the ability of remote con-
trol while at the same time greatly degrades the performance of
the control system or even makes the system unstable under cer-
tain conditions, due to the disadvantages the network introduces,
such as the time delay (so called “network-induced delay”),
data packet dropout, and quantization. Such an implementation
presents a new challenge to conventional control theory.

A large number of papers have addressed NCSs to date,
considering different issues, mainly on the treatment of the
network-induced delay. The majority of papers published have
largely been restricted to linear systems [3], [4]. In this paper,
we will consider a particular category of nonlinear system
represented by a Hammerstein model [5], which consists of a
cascade connection of a static nonlinearity followed by a dy-
namic linear time-invariant (LTI) system. This nonlinear model
is important in theory and applies to a number of practical
applications, see, e.g., [6] and [7]. To deal with the control
problem when such a nonlinear system is implemented in a
networked control environment, a time-delay two-step gener-
alized predictive control (TDTSGPC) approach is proposed in
this paper. In this approach, the nonlinear input process is dealt
with using the two-step design approach developed in [8], and
a predictive-based compensation scheme is also designed to
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compensate for the network-induced delay. It works as follows.
The predictive control method is first applied to the linear part
of the Hammerstein model to generate the intermediate control
predictions. It is assumed that, for the nonlinear part, numerical
methods can be used to obtain the real control predictions from
the intermediate control predictions, and then a sequence of
the predictions is packed and sent to the actuator through the
network simultaneously. At every execution time, the specially
designed time-delay compensator will select the appropriate
control signal to compensate for the network-induced delay.
Using this compensation scheme, the network-induced delay
can be exactly compensated for in an active way. The stability
criterion of the proposed TDTSGPC approach is obtained using
the Popov theorem. Simulations are also done to illustrate the
validity of the approach.

The remainder of this paper is organized as follows. The de-
sign of TDTSGPC based on a Hammerstein model is presented
in Section II. Then, the theoretical results for the system sta-
bility and the simulation results of TDTSGPC are presented in
Sections III and IV, respectively. The paper gives the conclu-
sions in Section V.

II. DESIGN OF TDTSGPC BASED ON THE
HAMMERSTEIN MODEL

The following Hammerstein system is considered in this
paper, with the combination of the CARIMA model and a static
input nonlinear function as

(1a)
(1b)

where is the Gaussian white noise with zero mean value,
is the input, intermediate input, and output at

time , respectively,
with ,

and the input nonlinear function is memoryless, static with
.

The network-induced delay is one of the key problems when
a control system is implemented in a networked control environ-
ment [1], which will make the current control input unavailable
to the actuator. It is also an important problem in conventional
time-delay systems (TDSs), in which there are mainly two ways
to deal with this situation. This is to use either the last avail-
able control signal or to use zero control [9]. In both methods,
the previous information of the system, including the system
states, outputs and inputs, and the structure information of the
system is not considered. However, with the use of the network
in NCSs, it is possible to send a sequence of the control signals
together due to the packet-based transmission of the network.
Thus, in order to compensate for the network-induced delay, a
sequence of forward control predictions can be calculated and
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sent to the actuator simultaneously, from which the appropriate
control input can be picked out to actively compensate for the
network-induced delay [12]. Since more information is used in
this compensation approach, a better performance can be ex-
pected than that obtained in conventional TDSs. Following this
idea, in this paper, the Linear Generalized Predictive Control
(LGPC) approach is applied to generate the control predictions
of the linear part of the Hammerstein model while the nonlinear
part remains to be solved using a numerical method. This is why
it is called a “two-step” approach for a Hammerstein model [8].

The two parts of TDTSGPC, the design of the two-step gener-
alized predictive control (TSGPC) and the time-delay compen-
sator, will now be considered.

A. Design of TSGPC

The key idea of TSGPC is to first design the intermediate con-
trol sequence of the linear part of Hammerstein model (1a)
with the LGPC method and then obtain the real control sequence

from the relationship ,
where is the control horizon [8]. Hence, we will first present
the design of LGPC and then describe how to obtain the real
inputs from the nonlinear relationship in the following subsec-
tions.

1) Design of LGPC: Without consideration of the input non-
linearity of the Hammerstein model, the LGPC problem for (1a)
is solved for the following objective function:

(2)

where is the set-point,
weight matrixes are diagonal,

are the outputs,

is the delay of the feedback channel, is the predictive
horizon, and means .

In [12], the previous control sequence
is used to generate the control predictions at the controller side at
time , while in reality this information is hard to obtain for the
controller due to the time delay in both channels. In this paper,
we propose a new method to deal with this problem, in which
only the control and output information before time are
used to calculate the predictive control sequence by including
the control sequence from time to as part of the
predictive control sequence. This is obtained using the objec-
tive function above and the equation of the control predictions
below.

Introduce the following Diophantine equations:

(3)

when (4)

where

.
Define , if ;

, otherwise;
with all the entries 0 but if ;

, otherwise, for .

...
...

. . .
...

, then the

predictive control sequence from to using ob-
jective function (2) at time based on the information before

is

(5)

where the control increment sequence

. This can be obtained by

(6)

Note that the matrixes and vectors are all in terms
of , and we have omitted only for simplicity of nota-
tion. The predictive control sequence obtained is different from
a conventional GPC method, since the network-induced delay is
also considered. For more details of the calculation of the typ-
ical predictive control sequences, the reader is referred to [10]
and the references therein.

Remark 1: Though we have not specifically pointed this
out earlier, it is a fact that the complexity of the calculation
of the control predictions seriously depends on the feed-
back channel delay since all of the matrixes and vectors

vary with . Thus, for the online
implementation, it is a great burden for the controller to cal-
culate the control predictions if varies over a large range.
However, all of these matrixes can be calculated offline for a
given . This advantage enables us to calculate offline all
of the matrixes relating to specific s,1 store them in the
controller, and just choose the appropriate matrixes when cal-
culating online the control predictions, according to the current
value of , which can be known to the controller by using a
time stamp for each data packet as described in the following
time-delay compensator design.

2) Input Nonlinearity: Assume is invertible, and then
its inverse exists such that

(7)

Thus, at every time instant , the intermediate input
is obtained from (5), and then the real

input can be calculated from (7), thus
enabling the control law to be derived.

If the real input can be calculated accurately using (7),
thus enabling the function to be exactly known, then
TSGPC is equivalent to LGPC and the system is stable if and
only if the linear system (1a) with LGPC is stable. However,
in practice, it is usually impossible to calculate that accu-
rately. Hence, in this paper, we denote the practical inverse of

1Denotes the upper bound of the delay in the backward channel by , then
the number of the choices with different delays (from 0 to ) for each matrix
above is .
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by and assume that this nonlinearity due to the in-
accuracy of calculation satisfies for some

(8)

From the discussion above, the real predictive control se-
quence of TSGPC can be obtained as

(9)

where

.
Remark 2: It is necessary to point out that what is required

in implementing TSGPC is to satisfactorily meet the sector con-
straint in (8), no matter how the inverse function is cal-
culated. It implies that the function does not need to be
invertible as long as its inverse can be obtained by a numerical
method and satisfies the sector constraint. One can refer to [11]
and the references therein for more information of the calcula-
tion of .

B. Design of Time-Delay Compensator

The network introduces to the NCSs not only delays but
also an advantage to the system in that a sequence of signals
can be packed and transmitted simultaneously [12], [13]. Our
time-delay compensator takes advantage of this characteristic
of NCSs.

The following assumptions are first made in the time delay
compensator design.

1) For the sake of the calculation of the predictive control
sequence, the time delay of the feedback channel needs to
be known to the controller, which can be easily done by
issuing a time stamp on each data packet from the sensor
side to the controller side.

2) The round-trip time (RTT, noted by , the total time delay
of feedback channel and forward channel, i.e.,

) is known to the actuator, which can also be done by
using the time stamps.

3) The predictive control sequences are packed and trans-
mitted to the actuator simultaneously.

4) The forward time delay is less than the control horizon .
The time-delay compensator works as follows: at every time in-
stant , the predictive controller calculates a sequence of future
control signals based on the outputs and control information be-
fore (the time stamp of the packet received at time
of the controller side). The future control signals are then trans-
mitted to the actuator side with a time stamp all in one packet.
When a packet of a control sequence arrives at the actuator side
(different packets may experience different time delays), it is
compared with the one already in the cache of the actuator ac-
cording to the time stamp, and only the latest is saved. The ac-
tuator then chooses the control action if
the time stamp of the control sequence in its cache is and the
forward time delay is .

Using this compensation scheme, the network-induced delays
can be exactly compensated for.

III. STABILITY ANALYSIS

Here, we first give the explicit expression of the closed-loop
system using the two-step predictive control approach and the
delay compensator and then obtain the stability criterion of the
closed-loop system using a Popov criterion.

A. Closed-Loop System

Note that the time instant in the time compensator described
above is based on the time at the controller side. Let denote
the time delay in the forward channel of the control sequence
which is applied by the actuator at time instant (the time at
the plant side), and then the time stamp of this sequence (the
time when it is sent at the controller side) is

(10)

where is the delay in the feedback channel corresponding
to time instant at the controller side, and is the set of control
sequences that are available at time interval at the
actuator side, which includes the one in the cache of the actuator
and any one that arrives at the actuator between this interval.

From (9) and (10), the control signal adopted by the actuator
at time is obtained as

(11)

where is a column vector with all entries 0 but
the th is 1, is the RTT with respect to , i.e.,

.2
Combining (1a), (5), (6), (7), (9), and (11), the TDTSGPC ap-

proach applied to a Hammerstein model can be fully described
by the following equations ( is set to 0 without loss of gener-
ality):

(12)
(13)

(14)

(15)

From the definition of , , and , we
obtain , thus

Combining with (15), we then obtain

(16)

B. Closed-Loop Stability

Here, the Popov criterion is applied to prove the stability of
the TDTSGPC approach for constant delays.

2Note that the choice of the predictive control signal to be applied to the plant
depends on the network-induced delay in the forward channel. This is different
from conventional GPC applications where the first control signal is always
used.
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Fig. 1. Popov theorem.

Fig. 2. Simplified block diagram of TDTSGPC.

Lemma 1 (Popov Criterion, See [8]): Suppose that
in Fig. 1 is stable and . Then, the closed-loop
system is stable if .

In the case of constant delays, we have that
, are all constant. Applying Lemma 1

to TDTSGPC and denote the characteristic polynomial of a
transfer function by , we then obtain the
following theorem.

Theorem 1: Suppose that the linear part of the Hammerstein
model is accurate and the roots of are located
in the unit circle. Then, the closed-loop system of TDTSGPC is
stable if there exists a positive constant such that the following
is satisfied.

1) The input nonlinearity of the plant satisfies

(17)

2) The network induced delay satisfies

(18)

where , and
is the theoretical input value to the

CARIMA model.
Proof: Without loss of generality, assume . Notice

here that, for any column vector with comparable dimensions,

by the definition of .
Then, from (12)–(16), we obtain

(19)

This is equivalent to the block diagram shown in Fig. 2. Thus,
the theorem can be easily obtained by applying Lemma 1 to
Fig. 2.

IV. SIMULATION

We give an example to illustrate the TDTSGPC approach in
this section. The linear part of the system adopted is

, and the input nonlinearity
of the Hammerstein model is chosen as and the

Fig. 3. System response. 1) . 2) .

Fig. 4. System response. 3) .

practical inverse of is , where is a random
number with a uniform distribution in . This is introduced
to represent the uncertainty in a practical implementation. From
condition (1) of Theorem 1, we see that the parameter is 1
and the predictive horizon and control horizon are chosen as

.
It can be shown that the system is stable only for the first

two cases according to Theorem 1 since for too large a time
delay the system will not satisfy condition (2) in Theorem 1.
The simulation results of three cases: 1)
2) and 3) are shown in
Figs. 3 and 4 to illustrate the validity of the theoretical analysis.

V. CONCLUSION

In this paper, the two-step generalized predictive control ap-
proach, which is usually used in the controller design for the
Hammerstein model, is integrated with a time-delay compen-
sator to deal with networked control systems based on a Ham-
merstein model with random network-induced delays. This ap-
proach takes advantage of the characteristic of the network in
an NCS such that a sequence of information can be packed



ZHAO et al.: NETWORKED PREDICTIVE CONTROL SYSTEMS BASED ON THE HAMMERSTEIN MODEL 473

to be transmitted simultaneously, so that the predictive control
method can be easily implemented for NCSs. A theoretical re-
sult is presented for the stability of the system in the case of
a constant time delay. Simulation work has also been done to
illustrate the validity of the approach. Further research is still
needed to analyze the stability conditions under random time
delays, which is not addressed in this paper.
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